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a b s t r a c t
Let Mrg,d be the sublocus of Mg , whose points correspond to smooth curves possessing
g rd . If the Brill–Noether number ρ(g, r, d) = −1, it is known that Mrg,d is irreducible. In
this paper, we prove that if g is odd, and r, s, d, e (r ≠ s) are positive integers satisfying
ρ(g, r, d) = ρ(g, s, e) = −1 and e ≠ 2g − 2− d, then the supports ofMrg,d andMsg,e are
distinct. As an application, we show that in the case d > g there is a unique irreducible
componentDd,g,r ofHd,g,r dominatingMrg,d and that a general member C ∈ Dd,g,r has no
(d− e)-secant (r − s− 1)-plane for ρ(g, s, e) = −1, e ≠ 2g − 2− d.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
LetMg be the moduli space of smooth curves of genus g and letMrg,d be the sublocus ofMg whose members correspond
to curves admitting a linear series g rd . By the results of Eisenbud and Harris [6] and Steffen [9], if the Brill–Noether number
ρ(g, r, d)(:= g − (r + 1)(g − d + r)) = −1, then Mrg,d is an irreducible divisor in Mg which is called a Brill–Noether
divisor. These divisors play a crucial role in the birational geometry ofMg for odd genus g ≥ 23. In [5], Eisenbud and Harris
proved thatM23 has Kodaira dimension≥ 1 by showing thatM123,12 ≠ M223,17. In [7], Farkas showed thatM23 has Kodaira
dimension≥ 2 by demonstrating thatM123,12,M223,17, andM323,20 are mutually distinct. Along this line, Ballico and Fontanari
showed thatMrg,d ≠Msg,e for r ≤ 2 and s in some range (see [1]).
In this paper, we prove the following theorem.
Theorem 1.1. Let g, r, s, d, e be positive integers such that g is odd, ρ(g, r, d) = ρ(g, s, e) = −1 with r ≠ s. Then we have
Mrg,d ≠Msg,e unless e = 2g − 2− d.
Theorem 1.1 implies that a general curve C inMrg,d does not carry a linear series g
s
e with ρ(g, s, e) < 0, e ≠ 2g − 2− d,
since any irreducible component ofMs
′
g,e′ has codimension at least two inMg forρ(g, s
′, e′) < −1 by Theorem1.1 in [6]. This
is comparable with the following Farkas result in [8]: if g and k are positive integers such that either−2 ≤ ρ(g, 1, k) < 0, or
ρ(g, 1, k) = −3 and k ≥ 6, then a general k-gonal curve C of genus g has no g rd with ρ(g, r, d) < 0 except g1k and |KC − g1k |.
We can apply Theorem 1.1 to the Hilbert schemeHd,g,r whose general members correspond to non-degenerate smooth
irreducible curves of genus g and degree d in Pr , since a smooth curve C of genus g and degree d in Pr is embedded by
a very ample g rd on C ∈ Mg . Using Theorem 1.1, we show that for d > g there exists a unique irreducible component
Dd,g,r of Hd,g,r dominatingMrg,d and that a general member C ∈ Dd,g,r has no (d − e)-secant (r − s − 1)-plane, where
ρ(g, r, d) = ρ(g, s, e) = −1, e ≠ 2g − 2− d.
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2. Preliminaries
Recall definitions and theorems on limit linear series [3–6]. Let C be a smooth curve of genus g and letL be a line bundle
on C of degree d and V a (r + 1)-dimensional vector space of H0(C,L). Given a linear series L = (L, V ) of degree d and
dimension r , one defines the vanishing sequence of L at p by ordering the finite set {ordp(σ )}σ∈V :
aL(p) : 0 ≤ aL0(p) < aL1(p) < · · · < aLr−1(p) < aLr(p) ≤ d.
The ramification sequence of L at p is defined by αLi (p) := aLi (p) − i. The generalized Brill–Noether number of L at p1, p2,
. . . , pn is defined by
ρ(L, p1, . . . , pn) = ρ(g, r, d)−
n−
i=1
r−
j=0
αLj (pi).
If C is a curve of compact type, a crude limit g rd on C is a collection of ordinary linear series L = {LY ∈ Grd(Y ) | Y ⊂
C is a component} satisfying the following compatibility condition: if Y and Z are components of C with {p} = Y ∩ Z , then
aLYi (p)+ aLZr−i(p) ≥ d, for i = 0, . . . , r.
If the equality holds everywhere, L is said to be a refined limit g rd . The linear series LY ∈ Grd(Y ) is called the Y -aspect of the
limit linear series L.
Assume that C is a curve of compact type and {pj1, . . . , pjs} = Yj ∩ (C − Yj) for each component Yj ⊂ C . Then for any
limit linear series L of dimension r and degree d on C , we have
ρ(g, r, d) ≥
−
Yj⊂C
ρ(LYj , pj1, . . . , pjs)
and equality holds if and only if L is a refined limit linear series.
To show thatMrg,d andM
s
g,e have distinct supports, we construct a curve C of compact type which admits a limit linear
series of type g rd but does not have a limit linear series of type g
s
e . In order to construct a refined limit linear series of type g
r
d
on C , we use the following result.
Proposition 2.1 ([4], Proposition 5.2). Let p, q be distinct points of an elliptic curve E. Let D be a divisor of degree d on E, and let
a : 0 ≤ a0 < a1 < · · · < ar ≤ d
b : 0 ≤ b0 < b1 < · · · < br ≤ d
be sequences of integers with
d− 1 ≤ ar−i + bi ≤ d for i = 0, . . . , r.
There exists at most one linear series g rd L = (OE(D), V ) on E with aL(p) = a and aL(q) = b; there exists one if and only if
ar−i + bi = d ⇒ ar−ip+ biq ∼ D
ar−ip+ (bi + 1)q ∼ D ⇒ bi+1 = bi + 1
for each i.
For any integer n, set (n)+ := max{0, n}.
Proposition 2.2 ([5], (1.2) Proposition). A general pointed curve (C, q) of genus g possesses a g rd with ramification sequence
(α0, . . . , αr) at q if and only if
r−
0
(αi + g − d+ r)+ ≤ g.
In order to show that C ∈ Mrg,d, we have to check that L is smoothable. Hence we recall some theory about the
smoothability of limit linear series. Let L be a limit g rd on a curve C of compact type. Fix Y ⊂ C be a component, and
{p1, . . . , ps} = Y ∩ (C − Y ). Now we consider the versal deformation space of (Y , p1, . . . , ps)
π : Y→ B, p˜i : B → Y.
Using general theory there is a proper scheme over B,
σ : Grd(Y/B; (p˜i, αLY (pi))si=1)→ B
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whose fiber over each b ∈ B is σ−1(b) = Grd(Yb, (p˜i(b), αLY (pi))si=1).We say that L is dimensionally proper with respect to
Y , if the Y -aspect LY is contained in some component G of Grd(Y/B; (p˜i, αLY (pi))si=1) of the expected dimension, i.e.,
dimG = dim B+ ρ(LY , p1, . . . , ps).
A limit linear series L is said to be dimensionally proper, if it is dimensionally proper with respect to any component Y ⊂ C .
The ‘Regeneration Theorem’ (Theorem 3.4 in [3]) states that every dimensionally proper limit linear series is smoothable.
To apply this theorem, we need to estimate the dimension of the fibers of σ . The following result makes it possible.
Theorem 2.3 ([3], Theorem 4.5). Let p1, . . . , ps be smooth points of C, and let α1, . . . , αs be ramification conditions,
αi : 0 ≤ αi0 ≤ · · · ≤ αir ≤ d− r
for some r and d. Every component of the family
Grd(C, (p1, α
1), . . . , (ps, αs))
has dimension
≥ ρ(g, r, d;α1, . . . , αs) := (r + 1)(d− r)− rg −
−
i,j
αij
and equality holds if each component of C is a general curve of its genus and p1, . . . , ps are general points on the components in
which they lie.
3. Proof of main theorem
Proof of Theorem 1.1. We assume d, e ≤ g − 1 sinceMrg,d =Mg−d+r−1g,2g−2−d by Serre duality. It suffices to take care of the case
r < s and r ≥ 2. Indeed, the theorem has already been proved in [1] by Ballico and Fontanari when either r = 1, or r = 2
and a further hypothesis is satisfied.
Let E be an elliptic curve with p1, p2 ∈ E satisfying t(p1 − p2) ∼ 0 in Pic0(E), where t := g+1r+1 + r − 1. Choose general
pointed curves (Yi, p′i) with g(Yi) = g−12 , i = 1, 2. Let C be a reducible curve Y1 ∪ E ∪ Y2 with p′i = pi, Y1 ∩ Y2 = ∅, and
Yi ∩ E = {pi}.
We divide the proof into two cases depending on the parity of g+1r+1 and for each case we show the existence of a limit
linear series of type g rd and the nonexistence of a limit linear series of type g
s
e on C .
Case 1: g+1r+1 is even.
Proof of Case 1. Setm := g+12(r+1) . Then t = 2m+ r − 1, d = 2rm+ r − 1.
First we will show that a curve C has a smoothable limit linear series of type g rd . Define the sequence a = (a0, . . . , ar) as
follows:
a0 := (r − 1)m,
aj := rm+ j, for 1 ≤ j ≤ r − 1,
ar := (r + 1)m+ (r − 1).
Set αj := aj − j. The condition g = 2m(r + 1)− 1 yields
αj + g − 12 − d+ r =

0, for j = 0,
m, for 1 ≤ j ≤ r − 1,
2m− 1, for j = r,
and −
αj + g − 12 − d+ r

+
= (r − 1)m+ 2m− 1 = (r + 1)m− 1 = g(Yi).
Therefore, by Proposition 2.2, there exists a linear series LYi ∈ Grd(Yi) satisfying aLYi (pi) = a for i = 1, 2, i.e.,
aLYi (pi) = (aLYi0 (pi), a
LYi
1 (pi), . . . , a
LYi
j (pi), . . . , a
LYi
r−1(pi), a
LYi
r (pi))
= ((r − 1)m, rm+ 1, . . . , rm+ j, . . . , rm+ (r − 1), (r + 1)m+ r − 1).
Next, we take D = (r − 1)mp1 + ((r + 1)m+ r − 1)p2 which is a divisor on E and the sequence b = (b0, . . . , br) such
that 
b0 := (r − 1)m,
bj := rm+ j− 1, for j = 1, . . . , r − 1,
br := (r + 1)m+ (r − 1).
(1)
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Then
bj + br−j =

(rm+ j− 1)+ (rm+ r − j− 1) = d− 1, 1 ≤ j ≤ r − 1,
((r − 1)m)+ ((r + 1)m+ r − 1) = d, j = 0, r.
Due to Proposition 2.1, there exists at most one limit linear series of type g rd on E with vanishing sequence b both at p1
and p2.
From Eq. (1), we get the following relations:
aLE0 (p1)p1 + aLEr (p2)p2 = (r − 1)mp1 + ((r + 1)m+ r − 1)p2 = D,
aLE0 (p2)p2 + aLEr (p1)p1 ∼ (r − 1)mp2 + ((r + 1)m+ r − 1)p1 + t(p2 − p1) = D,
aLEr−j(p1)p1 + (aLEj (p2)+ 1)p2 ≁ D for 1 ≤ j ≤ r − 1.
Therefore there exists a unique linear series LE ∈ Grd(E) with aLE (pi) = b for i = 1, 2 by Proposition 2.1. It turns out that
L = {LY1 , LE, LY2} is a refined limit linear series since aLEj (p1)+ a
LYi
r−j(p2) = d for each j.
It remains to prove that L is smoothable; let πi : Γi → ∆i, p˜i : ∆i → Γi be the versal deformation of [(Yi, pi)] ∈M g−1
2 ,1
and σi : Grd(Γi/∆i, (p˜i, αLYi (pi))) → ∆i the projection. Since the choice of [(Yi, pi)] ∈ M g−12 ,1 is general, we have that σi is
surjective and so
dimGrd(Γi/∆i, (p˜i, α
LYi (pi))) = dim∆i + ρ(LYi , pi)
by Theorem 2.3.
Next, let π : C → ∆, p˜1, p˜2 : ∆→ C be the versal deformation of (E, p1, p2) and σ : Grd(Γ /∆, (p˜i, αLE (pi)))→ ∆ the
projection. Then by Proposition 2.1, we have
u ∈ Imσ
⇔ ∃ LEu = (OEu(Du), VEu)with vanishing sequence aLEuj (p˜i(u)) = bj
⇔ b0p˜1(u)+ br p˜2(u) ∼ br p˜1(u)+ b0p˜2(u) ∼ Du
⇔ t(p˜1(u)− p˜2(u)) ∼ 0,
since bj + br−j = d for j = 0, r and t = br − b0. Thus Imσ = {u ∈ ∆ : t(p˜1(u) − p˜2(u)) ∼ 0 in Pic0(Eu)}, which has
dimension 1. Proposition 2.1 implies the uniqueness of LEu and so
dimGrd(Γ /∆, (p˜i, α
LE (pi))) = 1.
As a consequence,
dimGrd(Γ /∆, (p˜i, α
LE (pi))) = dim∆+ ρ(LE, p1, p2),
since ρ(LE, p1, p2) = −1. Thus L is dimensionally proper and hence smoothable by the Regeneration Theorem in [3].
Therefore C has a smoothable limit linear series of type g rd .
Nowwe show that there is no crude limit g se on C . Assume that there is a linear series N of type g
s
e on C , where e ≤ g− 1.
Then the Yi-aspect NYi has a nonnegative Brill–Noether number ρ(NYi , pi) ≥ 0 since (Yi, pi) is general for i = 1, 2. Since
ρ(NY1 , p1)+ ρ(NY2 , p2)+ ρ(NE, p1, p2) ≤ ρ(g, s, e) = −1, (2)
we have that ρ(NE, p1, p2) ≤ −1. On the other hand, we arrive at ρ(NE, p1, p2) ≥ −s by Proposition 4.1 in [7].
Let α := −ρ(NE, p1, p2). There are sections σik with indices i0 < i1 < · · · < iα such that e = aNEik (p1) + a
NE
s−ik(p2) =
aNEi0 (p1)+ a
NE
s−i0(p2). Therefore
div(σik) = aNEik (p1)p1 + a
NE
s−ik(p2)p2 (3)
∼ aNEi0 (p1)p1 + a
NE
s−i0(p2)p2, k = 0, . . . , α.
Set ak := aNEik (p1)− a
NE
i0
(p1) = aNEs−i0(p2)− a
NE
s−ik(p2). By Eq. (3) we have that
(aNEik (p1)− a
NE
i0
(p1))p1 = akp1 ∼ akp2 = (aNEs−i0(p2)− a
NE
s−ik(p2))p2,
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i.e., ak(p1 − p2) ∼ 0 for all 1 ≤ k ≤ α by (3). Thus ak = nkt, k = 1, . . . , α which is strictly increasing. This gives aα ≥ αt ,
and so e = deg(div(σiα )) ≥ aα ≥ αt . If α ≥ (r + 1), then we have a contradiction since
g − 1 < (r + 1)(2m+ (r − 1)) = (r + 1)t ≤ αt ≤ e ≤ g − 1,
for r ≥ 2. Accordingly we obtain α ≤ r . Set aNYij (pi)+ aNEs−j(pi) := e+ βij for some βij ≥ 0. Since ρ(g, e, s) = −1, we have
ρ(NY1 , p1)+ ρ(NY2 , p2)+ ρ(NE, p1, p2) = −1−
2−
i=1
s−
j=0
βij
by the additivity of the Brill–Noether number. It gives
βij ≤ (α − 1) for all i and j (4)
because ρ(NYi , pi) ≥ 0 and ρ(NE, p1, p2) = −α.
Set n := nα . Then
aα = aNEiα (p1)− aNEi0 (p1) = nt = a
NE
s−i0(p2)− a
NE
s−iα (p2) (5)
aNEiα (p1) = aNEi0 (p1)+ nt, a
NE
s−i0(p2) = a
NE
s−iα (p2)+ nt.
From Eq. (2) we have ρ(NYi , pi) ≤ α − 1, and so−
j

α
NYi
j (pi)+
g − 1
2
− e+ s

≥ g − 1
2
− (α − 1) (6)
and by the existence of NYi , we have−
j

α
NYi
j (pi)+
g − 1
2
− e+ s

+
≤ g − 1
2
. (7)
Combining Eqs. (6) and (7), we have for all j
α
NYi
j (pi)+
g − 1
2
− e+ s ≥ −α + 1,
and so
a
NYi
j (pi)+
g − 1
2
− e+ s ≥ −α + 1+ j.
In particular,
a
NYi
0 (pi)+
g − 1
2
− e+ s ≥ −α + 1. (8)
Note that aNEik (p1)+ a
NE
s−ik(p2) = e and a
NYi
j (pi)+ aNEs−j(pi) = e+ βij. The above inequality (8) and inequality (4) give
aNEs (pi) = −a
NYi
0 (pi)+ e+ βij ≤
g − 1
2
+ 2(α − 1)+ s. (9)
Let µ := max{aNEi0 (p1), a
NE
s−iα (p2)}, then by Eq. (5)
e = aNEi0 (p1)+ a
NE
s−i0(p2) = a
NE
i0
(p1)+ aNEs−iα (p2)+ nt ≤ 2µ+ nt.
Therefore we have e−nt2 ≤ µ. Since α ≤ n, by Eqs. (5) and (9) we get
e+ αt
2
≤ e+ nt
2
≤ e− nt
2
+ nt ≤ µ+ nt ≤ aNEs (p1) ≤
g − 1
2
+ 2(α − 1)+ s.
Hence, e+ αt ≤ g − 1+ 4(α − 1)+ 2s, and then t − 4 ≤ α(t − 4) ≤ g − 5− (e− 2s). The condition t = g+1r+1 + (r − 1)
gives rr+1g ≥ e− 2s+ 1r+1 + r and so
r(s+ 1)
r + 1 g ≥ sg + s(s+ 1)− 1− 2s(s+ 1)+
s+ 1
r + 1 + r(s+ 1)
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since ρ(g, e, s) = −1 gives (s+ 1)e = sg + s(s+ 1)− 1. Hence we have
sg − r(s+ 1)g
r + 1 ≤ s(s+ 1)− r(s+ 1)−
s+ 1
r + 1 + 1 = (s− r)(s+ 1)−
s− r
r + 1 ,
which gives g ≤ (r+1)(s+1)−1 because s > r . This is a contradiction to g ≥ (r+1)(s+1), since g+1 = (s+1)(g−e+s) =
(r + 1)(g − d+ r) > (r + 1)(s+ 1) for e, d ≤ g − 1 and s > r . Thus the linear series N of type g se cannot exist, and hence
Case 1 is proved.
Case 2: g+1r+1 is odd.
Proof of Case 2. Let g+1r+1 = 2m − 1. Note that the number r is odd since g is odd. Then t = 2m + r − 2, d = 2rm − 1, and
g−1
2 = (r + 1)m− r+12 − 1. We will prove thatMrg,d ≠Msg,e by showing the existence of a limit linear series of type g rd and
the nonexistence of a limit linear series of type g se on C .
First we will show that there is a limit linear series of type g rd on C . Define the sequence a = (a0, . . . , ar) as follows:
aj :=

(r − 1)m− r−12 , j = 0
rm− r−12 + j− 1, 1 ≤ j ≤ r−12
rm− r−12 + j, r+12 ≤ j ≤ r − 1
(r + 1)m− r−12 + r − 2, j = r.
Define αj := aj − j. Since g = 2m(r + 1)− (r + 2), we have
αj + g − 12 − d+ r =

0, j = 0
m− 1, 1 ≤ j ≤ r−12
m, r+12 ≤ j ≤ r − 1
2m− 2, j = r,−
αj + g − 12 − d+ r

+
= r − 1
2
(m− 1)+ r − 1
2
m+ 2m− 2 = g(Yi).
Therefore, by Proposition 2.2, there exists a linear series LYi ∈ Grd(Yi) satisfying aLYi (pi) = a for i = 1, 2.
Next, we take D = (r − 1)m− r−12  p1 + (r + 1)m− r−12 + r − 2 p2 and the sequence b = (b0, . . . , br) as follows:
bj :=

(r − 1)m− r−12 , j = 0
rm− r−12 + j− 2, 1 ≤ j ≤ r−12
rm− r−12 + j− 1, r+12 ≤ j ≤ r − 1
(r + 1)m− r−12 + r − 2, j = r.
Since the proof of the remaining parts is very similar to that of Case 1, we omit it. Finally we get that there exists a curve C
which admits a limit linear series of type g rd , but not a limit linear series of type g
s
e . Thus the theorem is proved. 
4. Applications
LetHd,g,r be the union of the components of the Hilbert scheme whose general members correspond to non-degenerate
smooth irreducible curves of genus g and degree d in Pr . By Theorem 1.1 in [6], if ρ(g, r, d) = −1, then there is a unique
irreducible componentΣ rd of the variety G
r
d whose image inMg is of codimension 1. On the other hand, by Theorem 0.1 in
[9], each component ofMrg,d has codimension at most 1 inMg for ρ(g, r, d) = −1. Combining these results, we conclude
thatMrg,d itself is irreducible of dimension 3g − 4 andΣ rd is the unique component of Grd whose image isMrg,d. We denote
byDd,g,r the union of irreducible components ofHd,g,r which dominateMrg,d for ρ(g, r, d) = −1.
Theorem 4.1. Let d, g, r be numbers satisfying d > g, r ≥ 2, ρ(g, r, d) = −1 for odd g. Then
(1) For the general (C, L) ∈ Σ rd , the linear series L is very ample,
(2) Dd,g,r is nonempty and irreducible,
(3) A general curve C ∈ Dd,g,r has no (d− e)-secant (r − s− 1)-plane for s < r, ρ(g, s, e) = −1, e ≠ 2g − 2− d. Moreover,
if r − s = d− e− 1, then any (d− e) points of C are in general position.
Proof. (1) Suppose the linear series L is not very ample for the general (C, L) ∈ Σ rd . Then there is a g r−1d−2 on a general
C ∈Mrg,d. Note that if d > g , then ρ(g, d− 2, r − 1) < ρ(g, d, r) = −1 by simple calculation. By Edidin’s result in [2]
dimMg − 1 = dimMrg,d ≤ dimMr−1g,d−2 ≤ dimMg − 2 = 3g − 5,
which is a contradiction.
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Table 1
l 2
δl,1 2
Ml−1d′ M
1
6
Mrd M
5
14
Dd,g,r D14,11,5
Table 2
l 2 3 4 5
δl,1 10 5 3 2
Ml−1d′ M
1
30 M
2
41 M
3
47 M
4
51
Mrd M
29
86 M
19
75 M
14
69 M
11
65
Dd,g,r D86,59,29 D75,59,19 D69,59,14 D65,59,11
(2) Note that Hd,g,r can be considered as a PGLr+1-bundle over the subscheme of Grd whose members are very ample.
ThusDd,g,r is nonempty and irreducible by (1) and by the irreducibility ofΣ rd .
(3) Assume that ρ(g, s, e) = −1, s < r and e ≠ 2g − 2− d. Theorem 1.1 givesMrg,d ≠ Msg,e. Thus a general C ∈ Dd,g,r
does not carry a linear series of type g se and so has no (d− e)-secant (r − s− 1)-plane. 
In the following example, we observe how special the linear position of points lying on a general C ∈ Dd,g,r is.
Example. Fix the number g . Assume l and k are positive integers such that
l(l+ k)(g + 1) and l(l+ k) ≠ g + 1. (10)
Set d := g − l + r, r := g+1l − 1, which implies ρ(g, r, d) = −1. Then we have d > g , and so Dd,g,r is nonempty and
irreducible by Theorem 4.1 (2). Define s := g+1l+k − 1, e := g − (l+ k)+ s, then we have
ρ(g, s, e) = −1,
d− e = k

g + 1
l(l+ k) + 1

,
r − s− 1 = k g + 1
l(l+ k) − 1.
Due to Theorem 4.1(3) a general member C ∈ Dd,g,r has no k(δl,k+1)-secant (k(δl,k+1)−k−1)-plane, where δl,k := g+1l(l+k) .
In particular, if we consider the case k = 1, then any δl,1 + 1 points of C are in general position. From now on, we denote
Mrg,d byM
r
d when g is known from the text.
(1) Consider g = 11. If we require l < √g + 1, the unique pair (l, k) satisfying (10) is (2, 1). Thus we obtain Table 1. Here
d′ := g − r + l− 2 andMl−1d′ is residual toMrd. In this case, a general curve inD14,11,5 has no trisecant line since δl,1 = 2.
(2) Next, we consider the case g = 59 with l < √g + 1, we obtain Table 2 with k = 1 since l(l+ 1)(g + 1) for 2 ≤ l ≤ 5.
For the case l = 2, we have r = 29, d = 86, δ2,1 = 10. Hence a general member C ∈ D86,59,29 has no 11-secant 9-plane.
In the case l = 3, we have r = 19, d = 75, δ3,1 = 5 and a general member C ∈ D75,59,19 has no 6-secant 4-plane. In the
case l = 4, we have r = 14, d = 69, δ4,1 = 3 and a general member C ∈ D69,59,14 has no 4-secant plane. In the case l = 5,
we have r = 11, d = 65, δ5,1 = 2 and a general member C ∈ D65,59,11 has no trisecant line.
(3) Extending examples (1) and (2), we obtain Table 3 under the conditions that 11 ≤ g ≤ 55, d > g and ρ(g, r, d) = −1.
Here d′, r ′ satisfy d′ = 2g − 2− d, r ′ = g − d+ r − 1.
Table 3 can be used in order to understand the linear position of points lying on a general curve C ∈ Dd,g,r when d > g .
LetMr1d1 be the right side neighbor ofM
r
d. Then a general C ∈ Dd,g,r has no (d− d1)-secant (r − r1 − 1)-planes.
For instance, consider the case g = 47. Let C1(resp. C2) be a general member of D68,47,23(resp. D59,47,15) . Then any
(68–59)-points of C1 and any (59–54)-points of C2 are in general position.
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Table 3
g
Mr
′
d′
Mrd
Dd,g,r
g
Mr
′
d′
Mrd
Dd,g,r
11
M16, M
2
9
M514, M
3
11
D14,11,5, −−−
17
M19, M
2
13
M823, M
5
19
D23,17,8, D19,17,5
19
M110, M
3
17
M926, M
4
19
D26,19,9, −−−
23
M112, M
2
17, M
3
20
M1132, M
7
27, M
5
24
D32,23,11, D27,23,7, D24,23,5
27
M114, M
3
23
M1338, M
6
29
D38,27,13, D29,27,6
29
M115, M
2
21, M
4
27
M1441, M
9
35, M
5
29
D41,29,14, D35,29,9, −−−
31
M116, M
3
26
M1544, M
7
34
D44,31,15, D34,31,7
35
M118, M
2
25, M
3
29
M1750, M
11
43, M
8
39
D50,35,17, D43,35,11, D39,35,8
39
M120, M
3
32, M
4
35
M1956, M
9
44, M
7
41
D56,35,19, D44,35,9, D41,35,7
41
M121, M
2
29, M
5
39
M2059, M
13
51, M
6
41
D59,41,20, D51,41,13, −−−
43
M122, M
3
35
M2162, M
10
49
D62,43,21, D49,43,10
47
M124, M
2
33, M
3
38, M
5
44
M2368, M
15
59, M
11
54, M
7
48
D68,47,23, D59,47,15, D54,47,11, D48,47,7
49
M125, M
4
43
M2471, M
9
53
D71,49,24, D53,49,9
51
M126, M
3
41
M2574, M
12
59
D74,51,25, D59,51,12
53 M
1
27, M
2
37, M
5
49
D77,53,26, D67,53,17, D55,53,8
55
M128, M
3
44, M
6
53
M2780, M
13
64, M
7
55
D80,55,27, D64,55,13, −−−
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